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SINGULARITIES OF SYMPLECTIC AND LAGRANGIAN MEAN
CURVATURE FLOWS
XIAOLI HAN, JIAYU LI
Abstract. In this paper we study the singularities of the mean curvature flow from
a symplectic surface or from a Lagrangian surface in a Ka¨hler-Einstein surface. We
prove that the blow-up flow Σ∞
s
at a singular point (X0, T0) of a symplectic mean
curvature flow Σt or of a Lagrangian mean curvature flow Σt is a non trivial minimal
surface in R4, if Σ∞
−∞
is connected.
1. Introduction
Suppose that M is a compact Ka¨hler-Einstein surface. Let ω be the Ka¨hler form
on M and 〈·, ·〉 be the Ka¨hler metric, the Ka¨hler angle α of Σ in M is defined by
ω|Σ = cosαdµΣ (1.1)
where dµΣ is the area element of Σ of the induced metric from 〈, 〉. We call Σ a
symplectic surface if cosα > 0, Σ a Lagrangian surface if cosα = 0, and call Σ a
holomorphic cure if cosα ≡ 1.
It is proved in [4], [2] and [23] that, if the initial surface is symplectic, then along
the mean curvature flow, at each time t the surface is still symplectic, which we call
a symplectic mean curvature flow. It is proved in [19] that, if the initial surface is
Lagrangian, then along the mean curvature flow, at each time t the surface is still
Lagrangian, which we call a Lagrangian mean curvature flow.
We [8] showed that, if the scalar curvature of the Ka¨hler-Einstein surface is positive
and the initial surface is sufficiently close to a holomorphic curve, then the mean
curvature flow has a global solution and it converges to a holomorphic curve.
In general, the mean curvature flows may produce singularities. The beautiful
results on the nature of singularities of the mean curvature flows of convex hyper-
surfaces have been obtained by Huisken [11], Huisken-Sinestrari [12],[13] and White
[24]. In [9] we obtain the relation between the maximum of the Ka¨hler anlge and the
maximum of |H|2 on the blow-up flow of the symplectic mean curvature flow or the
calibrated Lagrangian mean curvature flow.
It is well-known (see [9]) that, a sequence of rescaled surfaces at a singular point
(X0, T0) converges strongly to a blow-up flow Σ
∞
s , for s ∈ (−∞, 0] if the singular
point is of type I, for s ∈ (−∞,+∞) if the singular point is of type II. In this paper,
we show that Σ∞s is a non trivial holomorphic curve with finite total curvature and
bounded Gauss curvature in C2, if Σ∞−∞ is connected. It is well known that the total
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1
2 XIAOLI HAN, JIAYU LI
curvature of a non-flat minimal surface with finite total curvature in C2 achieves only
discrete values −2πN where N is a nature number. We therefore believe that the
size of the singular set can be controlled.
More precisely, let T be a discrete singular time and (X0, T ) be a singular point
in M , one shows (see [9]) that there are sequences rk → 0, 0 < σk ≤ rk/2, tk ∈
[T − (rk − σk)2, T − r2k/4], F (xk, tk) = Xk ∈ B¯rk−σk(X0), such that
λ2k = |A|2(Xk) = |A|2(xk, tk) = sup
[T−(rk−σk)2,T−r
2
k
/4]
sup
Σt∩Brk−σk (X0)
|A|2,
and
sup
[tk−(σk/2)2,tk]
sup
Σt∩Brk−σk/2(X0)
|A|2 ≤ 4λ2k.
Choose a normal coordinates in a neighborhood of X0, express F in this coordinates,
and consider the following sequence of rescaled surfaces
Fk(x, s) = λk(F (xk + x, tk + λ
−2
k s)− F (xk, tk)), s ∈ [−λ2kσ2k/4, 0].
It is clear that |Ak|(0, 0) = 1 and |Ak|2 ≤ 4. Denote the rescaled surfaces by Σks , then
Σks → Σ∞s in C2(BR(X0) × [−R,R]) for any R > 0 and any BR(X0) ⊂ R4. We call
Σ∞s a blow-up flow.
If there exists R0 > 0 such that, for all R > R0, Σ
∞
s ∩ BR(0) 6= ∅ for sufficiently
large −s, then Σ∞s converges in C2 to Σ∞−∞ in BR(0) as s→∞ for all R > R0.
We prove the following main theorem. In fact, we prove a more general result (see
Theorem 2.4) which implies the following one.
Main Theorem Let M be a Ka¨hler-Einstein surface and Σ0 be a symplectic surface
in M . If the limit Σ∞−∞ of the blow-up flow Σ
∞
s at infinity is connected, then Σ
∞
s is
independent of s denoted by Σ∞, and Σ∞ is a non trivial holomorphic curve in C2
with Gauss curvature −2 ≤ K ≤ 0, and finite total curvature
−
∫
Σ∞
KdV = 2πN,
where N is a nature number.
Remark Let A∞ be the second fundamental form of Σ
∞ in C2, then |A∞|2 = −2K,
so we can also write the last identity as∫
Σ∞
|A∞|2dV = 4πN.
Due to the theorem, we believe that, once we control
∫
Σt |A|2dµt, we can control
the singular size of the mean curvature flow. Based on it, we propose a conjecture at
end.
SYMPLECTIC AND LAGRANGIAN MEAN CURVATURE FLOWS 3
Conjecture A symplectic mean curvature flow in a Ka¨hler-Einstein surface blows up
at most countable discrete times and at each blow-up time, the blow-up set consists of
at most finitely many points.
We prove some similar results in the case of the Lagrangian mean curvature flows.
2. Properties of blow-up flows of symplectic mean curvature flows
In this section, we prove our main theorem.
Let T be an isolated singular time, that is, the mean curvature flow exists in
t ∈ [T − ǫ, T ), and (X0, T ) be a blow-up point. From the main theorem in [2] and
[23], we know that this is a type II singularity. Recall that [9], we can define a
sequence of rescaled surfaces Σks around (X0, T ). For each fixed R > 0, by parabolic
estimates, we have that Σks → Σ∞s in C2(BR(0)× [−R,R]) for any BR(0) ⊂ C2, and
Σ∞s also evolves along the mean curvature flow with the property that
|A|2(0, 0) = 1, and |A|2 ≤ 4. (2.1)
By the evolution equation derived in [2], we see that, along the mean curvature flow
Σ∞s , cosα satisfies
(
∂
∂t
−∆) cosα = |∇0JΣ∞s |2 cosα,
where ∇0 is the classical derivative in R4.
By the monotonicity inequality (Proposition 3.2 in [9]), we have, for any R > 0,
s < 0,
µ∞s (Σ
∞
s ∩BR(0)) ≤ CR2, (2.2)
where C > 0 does not depend on s or R. Since M is compact, then there exists a
constant δ such that cosα ≥ ε0 on M . It is easy to see that cosα is scaling invariant,
thus cosα ≥ ε0 on Σ∞s , for all s ∈ (−∞,+∞). Therefore, on Σ∞s , the Isoperimetric
inequality holds. That is,
Proposition 2.1. There is a positive constant C(ǫ0) which depends only on ǫ0 such
that, for any open smooth (connected) domain A ⊂ Σ∞s ,
Area(A) ≤ C(ǫ0)(Length(∂A))2. (2.3)
Proof. By Theorem 30.1 in [Si1], there is an integral current B with compact
support such that ∂B = ∂A and
Area(B) ≤ C(Length(∂A))2,
where C is an absolute positive constant.
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Let T be the cone over A−B with ∂T = A−B. Since dω = 0 and ω|Σ∞s = cosαdµ∞s ,
we have
Area(A) ≤ 1
ǫ0
∫
A
ω
=
1
ǫ0
∫
B
ω + ∂T (ω) =
1
ǫ0
∫
B
ω
≤ 1
ǫ0
Area(B)
≤ C(ǫ0)(Length(∂A))2.
Q. E. D.
Fix R > 0. For any point x in the connected components of Σ∞s ∩ BR(0) that
intersect with BR/2(0), denote the intrinsic ball of radius r around x by Bˆr(x). The
isoperimetric inequality implies that
Vol(Bˆr(x)) ≥ Cr2,
where C is a constant which depends only on ε0. By (2.2), we see that Σ
∞
s ∩ BR(0)
contains at most finite many connected components which intersect with BR/2(0).
We denote it by Σ(∞,l)s , l = 1, · · · , L.
Proposition 2.2. If the blow-up flow of a symplectic mean curvature flow is minimal,
that is H ≡ 0, it must be holomorphic.
Proof: From [5] we know that on the minimal surface cosα satisfies that,
−∆cosα = 2|∇α|2 cosα = 2 |∇ cosα|
2
1− cos2 α cosα, (2.4)
at the points which are not holomorphic. Fix R > 0, let φ(x) ∈ C∞(B2R(0)) be a
cut-off function such that φ ≡ 1 in BR(0) and φ ≡ 0 outside of B2R(0). Multiplying
the equation (2.4) by (1− cos2 α)φ2 and integrating by parts, we get that,
2
∫
|∇ cosα|2 cosαφ2 =
∫
sin2 αφ∇φ · ∇ cosα. (2.5)
By Schwartz inequality,
∫
sin2 αφ∇φ · ∇ cosα ≤ 1
2
∫
sin4 α
cosα
|∇φ|2 + 1
2
∫
|∇ cosα|2 cosαφ2. (2.6)
Plugging inequality (2.6) into (2.5), we get,
∫
|∇ cosα|2 cosαφ2 ≤
∫
sin4 α
cosα
|∇φ|2.
(2.2) yields, ∫
Σ∞∩BR(0)
|∇ cosα|2 ≤ C(ε0)vol(B2R)
R2
≤ C.
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Let R→∞, we get that, ∫
Σ∞
|∇ cosα|2 ≤ C. (2.7)
Multiplying equation (2.4) by cosp αφ2, where p > 0 will be determined later.
2
∫
cosp+1 α|∇α|2φ2 − p
∫
cosp−1 α|∇ cosα|2φ2 = 2
∫
cosp αφ∇φ · ∇ cosα.
Using Holder inequality , (2.7), and (2.2), we have
2
∫
cosp αφ∇φ∇ cosα ≤ 2(
∫
cos2p α|∇φ|2φ2)1/2(
∫
B2R/BR
|∇ cosα|2)1/2
≤ C(
∫
B2R/BR
|∇ cosα|2)1/2 → 0, as R→∞.
Thus we have, ∫
(2 cos2 α− p sin2 α)|∇α|2 cosp−1 α = 0.
Choosing p such that p
p+2
< ε20, then 2 cos
2 α− p sin2 α > c(ε0) > 0, thus∫
|∇α|2 cosp−1 α = 0,
which implies that |∇α|2 = 0. Therefore, Σ is holomorphic with some complex
structure in C2.
Q. E. D.
Remark 2.3. This result can also be deduced from the theorem in [6].
It is clear that, if Σ(∞,l)s ∩ BR(0) 6= ∅ for all −s sufficiently large, then Σ(∞,l)s
converges in C2(BR(0)) to Σ
(∞,l)
−∞ as s→ −∞, for any R > 0.
Definition 2.1. The component Σ(∞,l)s is called simple, if Σ
(∞,l)
−∞ is connected.
Theorem 2.4. Let M be a Ka¨hler-Einstein surface and Σ0 be a symplectic surface in
M . Each simple connected component Σ(∞,l)s of the blow-up flow Σ
∞
s is independent
of s denoted by Σ(∞,l), and Σ(∞,l) is a holomorphic curve in C2 with Gauss curvature
−2 ≤ K ≤ 0, and finite total curvature
−
∫
Σ∞
KdV = 2πN,
where N is a nature number.
Proof: For simplicity, we denote the simple connected component by Σ∞s . The
following monotonicity formula for Σ∞s is derived in [9].
Let H(X,X0, t, t0) be the backward heat kernel on R
4. Define
ρ(X,X0, t, t0) = 4π(t0 − t)H(X,X0, t, t0) = 1
4π(t0 − t) exp
(
−|X −X0|
2
4(t0 − t)
)
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for t < t0. We have, for −∞ < s < s0,
∂
∂s
(∫
Σ∞s
1
cosα
ρ(F∞, 0, s, s0)dµ
∞
s
)
= −

∫
Σ∞s
1
cosα
φρ(F∞, 0, s, s0)
∣∣∣∣∣H∞ + (F∞)
⊥
2(s0 − s)
∣∣∣∣∣
2
dµ∞s
+
∫
Σ∞s
1
2 cosα
φρ(F∞, 0, s, s0)
∣∣∣∇JΣ∞s
∣∣∣2 dµ∞s
+
∫
Σ∞s
2
cos3 α
|∇ cosα|2 φρ(F∞, 0, s, s0)dµ∞s
)
. (2.8)
Choosing s0 = 0, s1 = 4t, s2 = 2t, for t < 0 we have,∫
Σ∞
4t
1
cos(x, 4t)
1
−4te
−
|F∞|
2
−4t dµ∞4t −
∫
Σ∞
2t
1
cos(x, 2t)
1
−2te
−
|F∞|
2
−2t dµ∞2t
≥
∫ 2t
4t
∫
Σ∞s
1
cosα
ρ(F∞, 0, s, 0)
∣∣∣∇JΣ∞s
∣∣∣2 dµ∞s ds.
Since
∫
Σ∞s
1
cosα
ρ(F∞, 0, s, s0)dµ
∞
s is uniformly bounded above (See [9]), so the left side
of the above inequality tends to zero as t→ −∞. Moreover,∫ 2t
4t
∫
Σ∞s
1
cosα
1
−se
−
|F∞|
2
−s |∇JΣ∞s |2dµ∞s
= −2t
∫
Σ∞
s′
1
cosα
1
−s′ e
−
|F∞|
2
−s′ |∇JΣ∞
s′
|2dµ∞s′
≥ C
∫
Σ∞
s′
|∇JΣ∞
s′
|2e− |F∞|
2
−s′ dµ∞s′
where s′ ∈ [4t, 2t], C is independent of t.
It is clear that, for any R > 0, if Σ∞s ∩ BR(0) 6= ∅ for sufficiently large −s, then
Σ∞s ∩ BR(0) converges strongly to Σ∞−∞ ∩ BR(0) as s → −∞. By the assumption,
we know that Σ∞−∞ ∩BR(0) is connected for R large enough, so there is S0 such that
s < S0, Σ
∞
s ∩BR(0) is connected.
Letting t→ −∞, we get that on Σ∞−∞,∣∣∣∇JΣ∞−∞
∣∣∣2 = 0, that is, |∇ cosα|2 = 0.
It follows that cosα ≡ θ0, θ0 is constant on Σ∞−∞.
We can choose the suitable complex structure on R4 such that with respect to this
complex structure we have cosα ≡ 1 on Σ∞−∞. In fact, assume that ω is written as
ω = dz1 ∧ dz¯1 + dz2 ∧ dz¯2 under the standard complex structure of R4. We define a
new complex structure J∗ of R4 as follows:
J∗(∂/∂x1) = θ0(∂/∂y1), J
∗(∂/∂y1) = −1/θ0(∂/∂x1),
J∗(∂/∂x2) = 1/θ0(∂/∂y2), J
∗(∂/∂y2) = −θ0(∂/∂x2).
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Under the complex structure J∗, the complex coordinates are z∗1 = x1 +
√−1θ−10 y1,
z∗2 = θ
−1
0 x2 +
√−1y2. Thus ω∗ = dz∗1 ∧ dz¯∗1 + dz∗2 ∧ dz¯∗2 satisfies ω∗|Σ∞−∞,l = dµ∞−∞,l, In
other words, θ0 ≡ 1.
Recall that, on Σ∞s , cosα satisfies
(
∂
∂s
−∆) cosα = |∇0JΣ∞s |2 cosα.
Using the maximum principle on Σ∞s (See [7]), for all s ≤ S0, we can see that
minΣ∞s cosα is a nondecreasing function of s, so cosα ≡ 1 on Σ∞s , for all s ≤ S0.
We therefore have that |∇0JΣ∞s | ≡ 0, hence H∞s ≡ 0, and consequently, Σ∞s , s ≤ S0,
does not depend on s and is a holomorphic curve. We continue this process and claim
that Σ∞s is a holomorphic curve for all s < 0.
By (2.1), we see that the second fundamental form A∞ of Σ
∞ in R4 satisfies
|A∞(0)| = 1 and |A∞|2 ≤ 4.
Let K be the Gauss curvature of Σ∞, R the curvature operator of M . By Gauss
equation,
K1212 = R1212 + (h
α
11h
α
22 − hα12hα12),
we get
|A|2 = |H|2 − 2K1212 + 2R1212.
Thus we have
K = −1
2
|A∞|2.
We will show in the following proposition that, the total curvature of Σ∞ is finite.
Proposition 2.5. The minimal surface Σ∞ in the previous theorem is of finite type,
that is, its total curvature is finite.
Proof. Since
−
∫
Σ∞
Kdµ∞ =
1
2
∫
Σ∞
|A∞|2dµ∞,
so it suffices to prove that ∫
Σ∞
|A∞|2dµ∞ <∞.
It follows from the integral curvature estimate (Theorem 4, in [Il]) that for any
r > 0,
r−2
∫ t
t−r2
∫
Σt∩Br(x)
|A|2dµtdt ≤ C.
Here C does not depend on r. Thus as k sufficiently large we have
λ2kR
−2
∫ tk
tk−λ
−2
k
R2
∫
Σt∩B
λ−1
k
R
(Xk)
|A|2dµtdt ≤ C.
This implies that
R−2
∫ 0
−R2
∫
Σks∩BR(0)
|Ak|2dµksds ≤ C.
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Letting k →∞, we get
R−2
∫ 0
−R2
∫
Σ∞s ∩BR(0)
|A∞|2dµ∞s ds ≤ C.
Note that Σ∞s does not depend on s, we have∫
Σ∞∩BR(0)
|A∞|2dµ∞ ≤ C.
Letting R→∞, we get that ∫
Σ∞
|A∞|2dµ∞ ≤ C.
This proves the proposition. Q. E. D.
By Proposition 6.1 in [14], we know that
−
∫
Σ∞
KdV = 2πN.
where N is a natural number.
This proves the theorem. Q. E. D.
Corollary 2.6. Let M be a Ka¨hler-Einstein surface and Σ0 be a symplectic surface
in M . If the blow-up flow Σ∞s contains only one connected component, and its limit
at −∞, Σ∞−∞ is connected, then Σ∞s is independent of s denoted by Σ∞, and Σ∞ is
a non trivial holomorphic curve in C2 with Gauss curvature −2 ≤ K ≤ 0, and finite
total curvature
−
∫
Σ∞
KdV = 2πN,
where N is a nature number.
There are many works on minimal surfaces with finite total curvature, we state one
of them (c.f. Theorem 6.1 in [18]), so that the readers are aware of the properties of
Σ∞.
Theorem 2.7. Let x : Σ→ Rm be a non-flat complete minimal surface in Rm. Then,
the following conditions are equivalent.
(i) M has finite total curvature.
(ii) M is biholomorphic with a compact Riemann surface M¯ with finitely many
points removed and each ωi = ∂xi extends to M¯ as a meromorphic form.
(iii) M is biholomorphic with an open subset of a compact Riemann surface M¯
and the Gauss map G : M → Pm−1(C) extends to a holomorphic map of M¯ into
Pm−1(C).
It is certainly important to know when a connected component Σ(∞,l)s of the blow-
up flow Σ∞s is simple. Let ρs be the induced distance on Σ
(∞,l)
s for each s, ‖ · ‖ be the
distance in the Euclidean metric R4, it is obvious that,
‖x− y‖ ≤ ρs(x, y), for x, y ∈ Σ(∞,l)s .
If there is C > 0 independent of s such that
ρs(x, y) ≤ C‖x− y‖, for x, y ∈ Σ(∞,l)s ,
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then Σ(∞,l)s must be simple, that is, Σ
(∞,l)
−∞ is connected.
We conjecture that, every connected component of a blow-up flow of a symplectic
mean curvature flow is simple.
3. Blow up analysis at infinity
In this section we assume that the symplectic mean curvature flow exists for long
time, then we study the structure of the singularity at infinity.
Suppose that X0 is a blow up point at infinite, then for arbitrary sequences tk →∞
the quantity
max
σ∈(0,r/2]
σ2 sup
[tk−(r−σ)2,tk]
sup
Σt∩Br−σ(X0)
|A|2 →∞, (3.1)
where r is a constant which is less than injective radius of M at X0. In fact,
max
σ∈(0,r/2]
σ2 sup
[tk−(r−σ)2,tk]
sup
Σt∩Br−σ(X0)
|A|2 ≥ (r/2)2 sup
Σtk∩Br/2(X0)
|A|2.
It is clear that the right hand side term of the above inequality tends to infinity as
tk →∞.
We choose σk ∈ (0, r/2] such that
σ2k sup
[tk−(r−σk)2,tk]
sup
Σt∩Br−σk(X0)
|A|2 = max
σ∈(0,r/2]
σ2 sup
[tk−(r−σ)2,tk ]
sup
Σt∩Br−σ(X0)
|A|2.
Let t˜k ∈ [tk − (r − σk)2, tk], F (xk, t˜k) = Xk ∈ B¯r−σk(X0), such that
λ2k = |A|2(Xk) = |A|2(xk, t˜k) = sup
[tk−(r−σk)2,tk ]
sup
Σt∩Br−σk(X0)
|A|2.
From equation (3.1) we know that λ2kσ
2
k →∞ as k →∞. In particular,
sup
[tk−(r−σk/2)2,tk]
sup
Σt∩Br−σk/2(X0)
|A|2 ≤ 4λ2k,
and hence
sup
[t˜k−(σk/2)2,t˜k]
sup
Σt∩Br−σk/2(X0)
|A|2 ≤ 4λ2k.
Therefore we can consider the rescaled sequence,
Fk(x, s) = λk(F (xk + x, t˜k + λ
−2
k s)− F (xk, t˜k)), s ∈ [−λ2kσ2k/4, 0].
We denote the rescaled surface by Σks = Fk(Σ, s). By the same analysis as the one used
at a finite time singularity (see [9]), we can show that Σks → Σ∞s in C2(BR(0)×[−R,R])
for any R > 0 and Σ∞s is a mean curvature flow in C
2 which we call a blow-up flow.
It is clear that the blow-up flow also satisfies the identity and inequalities (2.1) and
(2.2).
Similarly, we can prove the following theorem.
Theorem 3.1. Let M be a Ka¨hler-Einstein surface and Σ0 be a symplectic surface
in M . Assume that the mean curvature flow exists globally. Each simple connected
component Σ(∞,l)s of the blow-up flow Σ
∞
s at infinity is independent of s denoted by
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Σ(∞,l), and Σ(∞,l) is a holomorphic curve in C2 with Gauss curvature −2 ≤ K ≤ 0,
and finite total curvature
−
∫
Σ∞
KdV = 2πN,
where N is a nature number.
4. Singularities of Lagrangian mean curvature flows
In the case of Lagrangian mean curvature flow, suppose thatM is a Ka¨hler-Einstein
surface with scalar curvature R and the mean curvature form of the initial surface
Σ0 is exact, Smoczyk [21] showed that there exists a function β such that
dβ = H
dβ
dt
= ∆β +
R
4
β
and β is called the Lagrangian angle. Let β˜ = e−
R
4
tβ, we have,
∂ cos β˜
∂t
= ∆cos β˜ + e−
R
2
t|H|2 cos β˜.
It is certainly more interesting when R = 0, that is, M is a Calabi-Yau surface.
Let M be a compact Calabi-Yau surface with a parallel holomorphic (2, 0)-form Ω
of unit length. Then we have
Ω|Σt = eiβdµt = cos βdµt + i sin βdµt. (4.1)
If cos β > 0, we say that Σt is almost calibrated. Smoczyk [21] (also see [22]) showed
that, if Σ0 is almost calibrated, then Σt is too, which we call an almost calibrated
Lagrangian mean curvature flow. It is proved in [3] and [23] that, along an almost
calibrated Lagrangian mean curvature flow, there is no Type I singularity.
Let T be an isolated singular time, that is, the mean curvature flow exists in
t ∈ [T − ǫ, T ), and (X0, T ) be a blow-up point. We consider the strong convergence
of the rescaled surfaces Σks in BR(0) around the singular point X0 (c.f. [2], [9]), we
have a blow-up flow Σ∞s in C
2 with the Euclidean metric, which is defined on (−∞, 0]
for Type I singularity and defined on (−∞,∞) for Type II singularity. The blow-up
flow satisfies the identity and the inequalities (2.1) and (2.2).
Theorem 4.1. Let M be a compact Ka¨hler surface and the initial surface Σ0 be an
exact Lagrangian surface with β bounded. Each simple connected component Σ(∞,l)s of
the blow-up flow Σ∞s is independent of s denoted by Σ
(∞,l), and Σ(∞,l) is a minimal
surface in R4 with Gauss curvature −2 ≤ K ≤ 0, and finite total curvature
−
∫
Σ∞
KdV = 2πN,
where N is a nature number.
Proof. Recall that, by the blow-up technique, we can get a sequence of rescaled
surfaces Σks around (X0, T ), which converges to Σ
∞
s strongly in C
2(BR(0)× [−R,R])
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for any R > 0 and any BR(0) ⊂ R4, with |Ak(0)| = 1 and |Ak|2 ≤ 4. Moreover, Σ∞s
evolves along the mean curvature flow. Since(
∂
∂s
−∆
)
βks =
R
4λ2k
βks ,
we can see that, along the mean curvature flow Σ∞s , β satisfies
(
∂
∂s
−∆)β = 0. (4.2)
In the following, we denote the simple connected component Σ(∞,l)s of the blow-up
flow simply by Σ∞s .
One can show the monotonicity formula (c.f. [3], [9], [16],[17])
∂
∂s
(∫
Σ∞s
β2ρ(F∞, 0, s, s0)dµ
∞
s
)
≤ −

∫
Σ∞s
β2ρ(F∞, 0, s, s0)
∣∣∣∣∣H∞ + (F∞)
⊥
2(s0 − s)
∣∣∣∣∣
2
dµ∞s
+
∫
Σ∞s
|∇β|2ρ(F∞, 0, s, s0)dµ∞s
)
.
From this monotonicity formula, similarly we can get that on Σ∞−∞,
|∇β| = 0,
so, β ≡ constant on Σ∞−∞, it can be normalized to be zero. By the evolution equation
(4.2), we see that β ≡ 0 on Σ∞s . Since HΣ∞s = dβ, we have that HΣ∞s ≡ 0, and
consequently, Σ∞s does not depend on s and is a minimal surface in R
4. Because Σks
converges to Σ∞ in C2(BR(0)) for any R > 0 as k →∞, we see that Σ∞ is a complete
minimal surface. Let K be the Gauss curvature of Σ∞, similarly we can get that∫
Σ∞
|A∞|2dµ∞ ≤ C,
by Proposition 6.1 in [14], we see that that
−
∫
Σ∞
KdV = 2πN,
where N is a nature number. This completes the proof of the theorem.
Q. E. D.
Corollary 4.2. Let M be a compact Ka¨hler surface and the initial surface Σ0 be an
exact Lagrangian surface with β bounded. If the blow-up flow Σ∞s contains only one
connected component, and its limit at −∞, Σ∞−∞ is connected, then Σ∞s is independent
of s denoted by Σ∞, and Σ∞ is a non trivial minimal surface in R4 with Gauss
curvature −2 ≤ K ≤ 0, and finite total curvature
−
∫
Σ∞
KdV = 2πN,
where N is a nature number.
12 XIAOLI HAN, JIAYU LI
By similar arguments, we can show the following theorem. We omit the proof here.
Theorem 4.3. Let M be a compact Ka¨hler surface and the initial surface Σ0 be an
exact Lagrangian surface with β bounded. Assume that the mean curvature flow has a
long time solution. Each simple connected component Σ(∞,l)s of the blow-up flow Σ
∞
s
at infinity is independent of s denoted by Σ(∞,l), and Σ(∞,l) is a minimal surface in
R4 with Gauss curvature −2 ≤ K ≤ 0, and finite total curvature
−
∫
Σ∞
KdV = 2πN,
where N is a nature number.
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